Abstract. In 1995, Faith and Menal have established the V-ring theorem which gives a characterization of a V-ring. In this paper, we generalize this theorem to V-modules and consider some applications for Noetherian self-cogenerators.
1. Preliminaries. Throughout this paper, R denotes an associative ring with identity and all modules considered are unitary right R-modules. Homomorphisms are written on the side opposite to that of scalars. For any module M, the sum of all simple submodules of M is called a socle of M and is denoted by Soc(M). Dually, the intersection of all maximal submodules of M is called a radical of M and is denoted by Rad(M). (R) n denotes the n × n matrix ring over R. Let M be a module. An M-generated module is a module which is isomorphic to a factor module of M (I) for some index set I. We denote by σ [M] the full subcategory of Mod-R whose objects are all submodules of M-generated modules,
and by E M (N) the M-injective hull of a module N in σ [M] which is the trace of M in E(M), where E(M) indicates the injective hull of M, that is E M (N) = {f (M) : f ∈ Hom R (M, E(N))} in σ [M]
(see Wisbauer [9, 17.9 , (2) 
is an R-monomorphism.
This readily implies that Rad(M/N) = 0. Hence, N is an intersection of maximal submodules of M. Thus, M is a V-module. For a semisimple module W satisfying condition (3), it also follows from the same argument above that M is a V-module. ( 
1) M/ Rad(M) is a V-module; (2) Soc(M) cogenerates any module in σ [M/Rad(M)]; (3)Ĩ = r R/J(R) Soc(M) (Ĩ) for any right idealĨ of R/J(R) such that (R/J(R))/Ĩ is in σ [M/Rad(M)] = σ [M/Rad(M)] ∩ (Mod-R/J(R)).

Proof. (1)⇒(2). Let {S} i∈Ω be an irredundant set of representatives of the simple R-modules in σ [M/Rad(M)]. Since M/ Rad(M) is a V-module, by Wisbauer [9, p. 143], we know that i∈Ω S i cogenerates any module in σ [M/Rad(M)]. So, it suffices to show that Soc(M) contains a copy of S i for each
i ∈ Ω. Since E M/Rad(M) (S i ) = S i , f (M/ Rad(M)) = S i for some f ∈ Hom R (M/ Rad(M), S i ).Λ = End(M R ). If there exists a (Λ,R)-bimodule W ⊆ Soc(M R ) such that M * W = Λ (X) for some subset X of M, then M = M/r M (M * W ) is a V-module.
Proof. By virtue of Remark 2.3, we need to prove that N/r M (M
M * W by the natural way, so that {ḡ i } i∈I ⊆M * W follows, whereḡ i :M → W denotes the R-homomorphism induced by g i for each i ∈ I. Thus, we obtain that
Since the reverse inclusion is easily verified, this completes the proof.
Observe that a right Johns ring is a trivial Noetherian self-cogenerator. Next, we consider a nontrivial module which is a Noetherian self-cogenerator. It is known that the class of right Johns rings is not Morita stable (see Faith and Menal [5, Rem. 3.7] ). A ring R is called a strongly right Johns ring if (R) n is right Johns for all positive integers n. However, it is not known if a strongly right Johns ring must be quasiFrobenius, equivalently, right Artinian (cf. Faith and Menal [5] ). Using a right Johns ring and a strongly right Johns ring, we construct Noetherian self-cogenerators. Let n > 0, S = (R) n and P = R (n) . Consider the functor H = Hom R (P , −) : Mod-R → Mod-S.
We note that the functor H = Hom R (P , −) : Mod-R → Mod-S is an equivalence. 
is an S-monomorphism. Thus, H(R) S is a self-cogenerator. Since P S H(R) S is a natural isomorphism, H(R) S is a self-cogenerator if and only if P S is a self-cogenerator. Thus P S is a selfcogenerator. Since S is right Noetherian, the finitely generated module P S is right Noetherian. Therefore, P S gives an example of a Noetherian self-cogenerator. 
